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The recent discovery of oto-acoustic emissions [see Zurek, J. Acoust. Soc. Am. 78, 340-344 
(1985)] and the newer measures of the micromechanics of the inner ear have generated renewed 
interest in quantitative descriptions of the biomechanics of the cochlea. Active elements 
(mechanical force generators) are thought to be essential for producing the high sensitivity and 
sharp tuning typically associated with normal cochlear function. A mechanical model with active 
elements is described which can simulate basilar membrane displacements with neural-like tuning 
and peak amplitudes of about 1 nm at the threshold of hearing. In addition, such models might 
help explain the source of oto-acoustic emissions. The paper describes the power of the recent 
attempts at providing quantitative descriptions and predictions of the mechanics of the cochlea. 

PACS numbers: 43.10.Ln, 43.63.Bq, 43.63.Kz 

INTRODUCTION 

The cochlea is the principal sensory organ of the mam- 
malian auditory system. It is one of the most intricate and 
least understood mechanical systems in the body. Math- 
ematical models of the cochlea have been important tools in 
understanding the function of the cochlea because direct ob- 
servation of cochlear vibrations is difficult. This paper out- 
lines mathematical modeling of cochlear mechanics by de- 
scribing some useful methods, recent developments, and 
areas needing further research. 

It is convenient to consider cochlear macromechanics 

and micromechanics separately. Maoromechanics deals 
with the dynamics of the fluid in the cochlear channels. Mi- 
cromechanics deals with motion of the basilar membrane 

and tectorial membrane, including "second filters" and "ac- 
tive elements." The macromechanics and micromechanics 

are coupled in that they specify complementary constraints 
on the relationship between pressure difference across the 
basilar membrane and displacement of the basilar mem- 
brane. 

The primary goal of cochlear modeling is to improve 
our understanding of cochlear function. Part of the art of 
mathematical modeling lies in choosing appropriate simpli- 
fying assumptions and approximations in order to maintain 
both mathematical tractibility and realistic representation of 
the essential cochlear features. Some results from a linear, 
active, time-domain cochlear model will be compared with 
typical measured responses of single auditory nerve fibers. 

I. BACKGROUND 

The inner ear consists of the cochlea, the vestibule, and 
three semicircular canals; these structures are communica- 
ting, fluid-filled spaces within the temporal bone. The coch- 
lea is the primary receptor organ for hearing; it receives 
acoustic signals from the middle-ear ossicles and distributes 
sound information to individual auditory nerve fibers. 

The cochlea is a tapered tube which is coiled spirally 
and gets its name from its resemblance to a snail. The coch- 

lear chamber is divided into three dUCts: an upper duct (scala 
vestibuli), a lower duct (scala tympani), and a central duct 
(scala media). The separation between scala media and scala 
vestibuli (Reissner's membrane) provides a chemical barrier, 
but is probably not important to cochlear mechanics. The 
partition between scala media and scala tympani (organ of 
Corti) contains the final receptor cells (inner hair cells) and 
plays an important role in cochlear mechanics. 

The cochlear partition is mechanically tuned such that 
higher frequency tones cause localized vibrations nearer to 
the stapes. The stiffness of the partition comes primarily 
from the basilar membrane which spans the gap between 
scala media and scala tympani. The sensory hair cells are 
situated on the basilar membrane and move as the basilar 

membrane moves. Over the top.of the hair cells lies the tec- 
torial membrane. When the cochlear partition vibrates, a 
shearing motion between the basilar and tectorial mem- 
branes will bend the tufts of hair (stereocilia) at the top of the 
hair cells. The bending of the stereocilia modulates intracel- 
lular potential, thereby accomplishing mechanical-to-elec- 
trical transduction. 

Mathematical models of cochlear mechanics are often 
used to test theories about cochlear function. One-dimen- 

sional (transmission line) models helped establish the travel- 
ing-wave character of basilar membrane motion (Zwislocki, 
1950; Peterson and Bogert, 1950). Nonlinear models help to 
explain the generation and propagation of distortion signals 
in the cochlear (Kim et al., 1973; Hall, 1974; Matthews, 
1980). Cochlear frequency analysis and sensitivity are being 
investigated with cochlear models by the addition of"second 
filters" and active elements to the cochlear partition (Allen, 
1977; Zwislocki and Kletsky, 1979; Neely and Kim, 1983). 
For additional background on mathematical models of 
cochlear mechanics, the review papers of de Boer (1980, 
1984) are recommended. 
I1'. COCHLEAR MACROMECHANICS 

The effects of fluid viscosity and compressibility are 
generally considered to be much less important than the in- 
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ertial properties of the cochlear fluid (Viergever, 1980). The 
influence of the spiral curvature of the cochlear channels is 
also considered to be relatively unimportant (Loh, 1983). By 
ignoring these effects and assuming constant rectangular 
cochlear cross sections, cochlear macromechanics reduces 
the problem to solving for the pressure distribution in a rec- 
tangular box, divided into upper (scala vestibuli) and lower 
(scala tympani) halves by a partition (primarily the basilar 
membrane) and filled with an incompressible, inviscid fluid 
(see Fig. 1). By invoking the additional assumption that the 
upper and lower channels are geometrically symmetric 
about the partition, the problem can be formulated within a 
single cochlear chamber. 

Let p represent the difference in Pressure between the 
upper channelput and lower channelpro: 

p(x, y, z) = P•c (x, y, -- z) -- Puc (x, y, z). (1) 

In addition to the three spatial variables x,y, and z,p will also 
be a function of either time or frequency depending on the 
chosen formulation. 

The pressure difference p must satisfy Laplace's equa- 
tion in the fluid and appropriate constraints at the boundar- 
ies. The basic equation for cochlear macromechanics may be 
written as 

a2' a2P =0 {21 + + 77 
within the fluid, i.e., for 0 <x <L, 0 <y < W, 0 <z <H. The 
pressure distribution must be smoothly varying with no local 
maxima or minima except at the channel boundaries. 

At the boundaries the fluid moves with the same motion 

as the immediately adjacent wall. The basal wall is moving 
with acceleration •, V(.v,z): 

= 

and the apical wall does not move: 

-- p(z.,y,zl = o. 

The side walls are both motionless: 

(3) 

(4) 

(5) 
and 
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FIG. 1. Geometry of the three-dimensional model of the cochlea. The 
"box" has uniform, rectangular cross section and is divided into symmetric 
upper {scala vestibuli) and lower (scala tympani) channels by a partly flexible 
partition. The box has length L in the x dimension, width Win the y dimen- 
sion, and height H in the z dimension. 

yœ(X, W,z) = 0. (6) 
The partition boundary moves with acceleration •t(x); (y): 

zzp(X,y,O ) = 2p•,(x)•' (y), (7) 
and the upper wall does not move: 

p(x,y,H) = 0. (8) 
Typically, we are interested in solving for •t(x) giverip, r/, 
and • and an additional equation from cochlear microme- 
chanics describing the relation between p(x,y,O) and •t(x}. 
Alternatively, we can specify the stimulus at the eardrum, 
taking into account the mechanics of the middle ear and 
round window simultaneously with the mechanics of the 
cochlea (e.g., Matthews, 1983), 

The dimensionless function •' (.V) represents the cross- 
sectional shape of the cochlear partition (bending mode) 
when it is displaced from its rest position at z = 0. If we 
consider • to be a centered half-cosine of width B (de Boer, 
1981; Lighthill, 1981) 

[rrW [•ry\ --B B 

L0, elsewhere. 
The shape of the bending mode is illustrated in Fig. 2, 

The cochlear fluid influences the motion of the basilar 

membrane in two ways. First, the fluid provides the primary 
medium for propagation of acoustic energy throughout the 
length of the cochlea; the micromechanical constraints will 
generally specify little or no longitudinal coupling within the 
cochlear partition. Second, the fluid adds a mass to the coch- 
lear partition dynamics. The quantity of mass that "rides" 
with the partition varies with the spatial wavelength in the x 
dimension of partition displacement; a relatively large 
amount of fluid mass rides with the partition when wave- 
leng[hs are long, and a relatively small amount rides when 
wavelengths are small. 

The quantity of fluid mass that rides with the partition 
can be derived analytically for simple cochlear geometries 

-W/2 -B/2 0 B/2 W/2 

FIG. 2. Bending mode for the cochlear partition. The function • (y) repre- 
sents the shape assumed in the model for displacement of the COChlear parti- 
tion. The partition spans the entire width of the box -- W/2<y< W/2. The 
movable part of the partition is the basilar membrane, shown here with the 
shape of a centered, half-cosine of width B. 
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(Steele and Taber, 1979; de Boer, 1981; Lighthill, 1981) and 
gives insight into the effects of eochlear geometry and di- 
mensionality of fluid dynamics. We will consider a nondi- 
mensional function Q (k), which is proportional to the fluid 
inertial loading on the cochlear partition when displacement 
of the partition varies as cos(kx). The variable k is the wave- 
number or spatial frequency in the x dimension. The func- 
tion Q (k) can be thought of as being proportional to the ratio 
of the spatial Fourier transforms of pressure difference and 
partition acceleration. 

It can be shown (see Appendix A) that for the three- 
dimensional (3D), rectangular box model described above, 

X • (kH): I (10) /= - •o + {lrr) 2 + (m•rH/W} 2' 
where 

_ 1 f•,/2 •m - • d _ a, /: • LV)cos(• y)dy. (11) 
Using the example of• given by Eq. {9), the Fourier compo- 
nents •,• can be computed. 

-' 
The function Q (k } incorporates the constraints imposed by 
the model equations on the macromechanics of the cochlear 
cross section. 

One- and two-dimensional approximations for the coeh- 
lear box can be understood in terms of their effects on Q (k). A 
common two-dimensional (2D) approximation (Lesser and 
Berkley, 1972; Allen, 1977; Neely, 1981) assumes that pres- 
sure is constant in the y dimension (i.e., •m = 0 for rn •0). 
The corresponding Q (k) for this 2-D model is 

Q2D(k) = •, 1 (13) ,= _ (kH)2 + 

A one-dimensional (1D) long-wave approximation can 
be obtained from Q2n by assuming small wavenumbers 
(wavelength much larger than the cross section of the chan- 
nel) in addition to the previous assumption of constant pres- 
sure in the y dimension [i.e., (kh)2•(/•r)2 and •m = 0 for 
m •0]. The corresponding Q (k) for this 1-D model is 

Q,o = 1/(kH) 2 + 1/3. (14) 
The constant 1/3 is a result of summing the series in Eq. (13) 
over I • 0 and with (kH)2 = 0. This constant can be interpret- 
ed as a fixed amount of mass riding with the partition. The 1- 
D and 2-D approximations for Q (k) are also illustrated in 
Fig. 3. 

The above series representations for Q (k) can be trans- 
formed into ordinary differential equations in the x dimen- 
sion. For example, Eq. (14) defines an ordinary differential 
equation of second order in x for the 1-D long-wave approxi- 
mation (see Appendix B). Another approximation method, 
suggested by de Boer and van Bienema (1983), is based on 
curve fitting the Q3D function. For example, a better curve fit 
(by sight) to Q3D (k) would be 

1 2.4 12 
Q6(k ) - + + +0.12, 

(kH)2 (kH)2 + •7 a (kH)2 + (4rr)2 
(15) 

which defines an ordinary differential equation of order six 
in x. This approximation is also shown graphically in Fig. 3. 

In addition to the differential equation methods, inte- 
gral equation methods may also be derived from Q (k). For a 
time-domain formulation, if partition mass is assumed to be 
constant for all x, then a spatial Green function can be ob- 
tained from Q (k) which, when eonvolved with a function of 
known variables at each time step, will provide the partition 
acceleration needed to extrapolate velocity and displace- 
ment to the next time step. The convolution may be comput- 
ed directly in the x dimension (Matthews, 1980) or in the 
spatial frequency (wavenumber) domain through use of the 
fast Fourier transform (Allen and Sondhi, 1979). 

III. COCHLEAR MICROMECHANICS 

The micromechanical domain interfaces to the macro- 

mechanical domain through the cochlear partition (BM) 
boundary condition, Eq. (7). The micromechanical approxi- 
mation of the BM cross section is typically a lumped mass, 
stiffness, and damping (per unit area}' at each respresented 
position along the partition. Longitudinal coupling between 
adjacent cross sections is provided entirely through the fluid 
and not directly through the BM. This is an important sim- 
plification and is justified by the fact that the longitudinal 
stiffness of BM has been observed to be much smaller than 

the transverse stiffness in a fresh preparation (Vold?ich, 
1978}. A point-impedance characterization of BM microme- 
chanics can be derived from a representation of BM as an 
anisotropic plate (Allen and Sondhi, 1979) or a series of pro- 
gressively broader, viscoelastic beams (Diependaal and 
Viergever, 1983). 

10C , , , ,,,,,I , • , ,,,,d • z ' • •"ti 10 •O[k} 
........ ..... 

.1. --- 2D 

....... 6th -order 

.01 ...... • ........ 
1 10 100 

kH 

FIG. 3. Relative fluid ine•ial loading on the cochlear pa•ition as a function 
of (kH), where k is the wavenumber of spatial distributions in the x dimen- 
sion and H is the height of each cochl•r channel in the y dimension. The 
function Q (k) is nondimensional and defined in the text as relative fluid iner- 
tia. The solid line shows Q3D for the full three-dimensional "•x" m•el. 
The 1ong-d•h• line shows Qz• for a model with two-dimensional fluid 
m•hanics. The short-dashed line shows Q•D for a onc-dimcnsion• long- 
wave approximation to the two-dimensional model. The dotted line shows 
Q• for a sixth-order (in x) curve fit to the solid line Q3•. 
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The high sensitivity and sharp tuning of single auditory 
nerve fibers have been regarded by many as an indication 
that there is more to etchlear micromechanics than just the 
basilar membrane. Modeling efforts have given considera- 
tion to such possibilities as multiple bending modes for the 
basilar membrane (Steele, 1980), longitudinal stiffness of the 
tectorial membrane (Zwislocki and Kletsky, 1979), and reso- 
nant tectorial-membrane-stereocilia systems (Allen, 1980; 
Zwislocki and Kletsky, 1980). 

If the micromechanics are assumed to have a passive 
representation (i.e., no local sources of mechanical energy) in 
a mathematical model of the cochlea, then numerical solu- 

tions for basilar membrane displacement in the model pro- 
vide a reasonable representation of a postmortem cochlea 
(Kim et al., 1980), However, direct measurements of basilar 
membrane motion (Rhode, 1973; Khanna and Leonard, 
1982; Sellick et al., 1982) suggest that in vive micromechan- 
ics differ significantly from postmortem micromechanics. 
Recent measurements indicate that basilar membrane dis- 
placements are sharply tuned and have frequency responses 
very similar (but not identical) to those typically measured in 
single auditory nerve fibers (see Neely and Kim, 1983 for one 
such comparison). 

In order to further investigate hypotheses concerning 
etchlear function, it is useful to have a model of etchlear 
mechanics which has BM displacements with the following 
attributes: (1) sharp tuning similar to that typical of neural 
measurements, (2) response latency at or below that typical 
of neural measurements, and (3) peak amplitudes of about 1 
nm or greater at the threshold of hearing. It is assumed that 
these attributes are appropriate for a model of etchear me- 
chanics. Both empirical observations (Neely and Kim, 1983) 
and mathematical analysis (de Boer, 1983) of cochlear mod- 
els suggest that it is not possible for a etchlear model to have 
these attributes unless active elements (mechanical genera- 
tors) are allowed to exist in the etchlear partition. In other 
words, a special "etchlear amplifier" is required in order to 
provide high sensitivity and sharp tuning to BM displace- 
ments. [The use of the term "etchlear amplifier" to describe 
the role of active elements in the cochlea was first suggested 
by Davis (1983).] 

A current view is that the etchlear amplifier is realized 
by means ofa BM displacement to the outer-hair-cell (OHC) 
membrane potential feedback loop (Weiss, 1982; Mountain 
et al., 1983). This view requires bidirectional electromechan- 
ical transduction within the organ of Corti, probably in the 
outer hair cells. There is considerable evidence to indicate 

that hair cells have a "displacement-to-receptor potential" 
transducer; evidence for a "receptor potential-to-displace- 
ment" transducer is accumulating (e.g., Brownell, 1983). We 
can use a etchlear model to investigate what attributes this 
hypothetical feedback loop must have to be consistent with 
experimental observation. 

In order for the feedback loop to provide the function of 
a tuned amplifier, there must be a second frequency-depen- 
dent element in addition to the basilar membrane (BM). 
Analysis of measurements of BM displacements indicates 
that this second tuned element should add stiffness to BM 

impedance at each position for low frequencies, contribute 

"negative damping" over narrow ranges of intermediate fre- 
quencies, and have negligible influence at high frequencies. 
One possible implementation of this type of feedback loop is 
to indicate an additional term K3•2 in the basilar membrane 
boundary condition: 

Pd = M,•, + R,•, + K,•, + K3•:, (16} 
where pd(x,t} represents a weighted average of pressure dif- 
ference across the width of the ½ochlear partition (see Ap- 
pendix A); •{x,t ) is the displacement of the partition aver- 
aged across the y dimension; and M,{x), R•{x}, and K•{x) are 
the lumped mass, damping, and stiffness of the basilar mem- 
brane, respectively. (The dots above the symbols indicate 
derivatives with respect to time.) The "displacement" of the 
second tuned system •: will be a low-pass-filtered version of 

Equation {15) is written as if the second tuned system were 
mechanical; this was done mainly for simplicity. It is not yet 
clear whether OHC tuning should be electrical, mechanical, 
or both (Weiss, 1982}. The necessary transduction to and 
from electrochemical domain is lumped here in the dimen- 
sionless parameter, y. Figure 4 is a block diagram showing 
etchlear micromechanics as described by Eqs. (16) and (17). 

A more realistic description of etchlear micromechan- 
ics would include nonlinear mechanical-to-electrical trans- 

duction and electrical-to-mechanical transduction (i.e., Ko- 
shigoe and Tubis, 1983). In a nonlinear micromechanical 
model, amplitude compression (automatic gain control) 
would be an important function of the cochlear amplifier. 
We expect that the mechanical energy delivered to the coch- 
lear fluid by this amplifier is also the source of observable 
cochlear acoustic emissions (Kemp, 1978). 

IV. MODEL RESULTS 

Numerical results are presented in this section for a 
mathematical model of etchlear mechanics which includes 

fluid 

force + 
X 

OHC 
force 

BM filter 

1 

K• + R•io0+M•(i•o) 

OHC filter 

'•K 3 

K2+R2io• + M2(i•o) 2 

L. cochlear fluid .r' 

FIG. 4. Feedback model for active elements in the cochlea. The inner hair 
cells (IHC} are driven by basilar membrane (BM} displacement. The BM 
filter has a low-pass characteristic and is driven by a combination of fluid 
force (due to pressure difference across the BM) and outer hair cell {OHC}. 
The OHC filter also has a low-pass characteristic and is driven by BM dis- 
placement. Transduction from mechanical-to-electrochemical domain and 
from electrochemical-to-mechanical domain is thought to be a part of the 
OHC filter. Longitudinal coupling between adjacent positions on BM is 
provided by the cochlear fluid. 
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some of the macromechanical and micromechanical features 

described in Sees. II and III. The model is a linear, twoø 
dimensional, time-domain representation of the cochlea 
with active elements in the cochlear partition. The microme- 
chanical equations used here differ from the ones presented 
in Sec. lII in that the feedback loop is implemented using 
velocity terms instead of displacement terms. Further details 
concerning the model parameters and form of the basilar 
membrane point-impedance equation are given by Neely 
{1983). 

The model used to obtain the results shown in this sec- 

tion included a simple representation for earphone, coupler, 
and middle ear, in addition to the macromechanics and mi- 
cromechanics of the cochlea. The model parameters for the 
middle ear and cochlea were chosen to simulate a cat. The 

stimulus was specified as an impulsive (click) voltage to the 
earphone. 

In Fig. 5, model results for basilar membrane displace- 
ment are compared with measurements of discharge pat- 
terns in single auditory nerve fibers (Allen, 1983). The solid 
line curves were obtained by computing discrete Fourier 
transforms of 20-ms impulse responses for basilar displace- 
ment in the model at four positions: 20%, 40%, 60%, and 
80% of the length of the basilar membrane from the apex. 

lOO 

• 80- 

E 60- 

• 40- 

-.I 
Q. 
• 20- 

-2 

.1 

model iso~displacement 
.... cat single nerve fiber 

(b) 

1 lO 30 

frequency [kHz] 

FIG. 5. Comparison between basilar membrane displacement in the model 
and single nerve fiber discharge in the cat. (a) The solid lines indicate the 
sound-pressure level required at the eardrum to achieve criterion displace- 
merit of Inm in 2] {see text) at four places along the length of the cochlea. 
The dashed lines indicate the sound pressure level required at the eardrum 
to increaa• the discharge rate offour single auditory nerve fibers in a cat by ! 
spike per 50-ms tone burst as measured by Allen { 1983). {b) The solid lines 
indicate the group delay (defined as the negative of the derivative of the 
phase with respect to frequency) of basilar membrane displacement in the 
model relative to eardrum pressure. The dashed tines indicate group delay 
of neural response relative to stimulus voltage for three of the four nerve 
fibers shown above with an arbitrary constant of 1.2 ms subtracted. The 1.2- 
ms adjustment improves the agreement between the model and neural mea- 
surements and is attributed to acoustic, synaptic, and neural propagation 
delays which are not included in the model. 

The isodisplacement curve in Fig. 5(a) shows the sound pres- 
sure level at the eardrum needed to produce 1 nm (average) 
displacement of the cochlear partition. The group delay in 
Fig. 5(b) is defined as minus the derivative with respect to 
frequency of the phase of the response relative to the stimu- 
lus. 

The dashed line in Fig. $(b) represents the sound pres- 
sure level needed to increase the discharge rate of four nerve 
fibers in one cat by I spike per 50-ms tone burst. Group delay 
was computed by Allen (1983} for three of the same nerve 
fibers for frequencies below about 3.5 kHz. The neural group 
delay is shown in Fig. $(b} with 1.2 ms subtracted; this down- 
ward shift of the neural group delay curves provided a closer 
correspondence with model results and can be attributed to 
acoustic and neural delays not present in the model. 

The model results for BM displacement in Fig. $ are not 
an exact match to the single nerve fiber tuning curves, but 
are sufficiently close to say that the model exhibits neural- 
like tuning. The sharp tuning and high sensitivity shown in 
the model are a direct result of the cochlear amplifier feed- 
back loop. The "tips" of the model isodisplacement curves 
would be removed completely if this feedback loop were dis- 
abled. The parameters were chosen deliberately to reduce 
the sensitivity of the model at the low- and high-frequency 
ends below what was needed to match the neural curves; this 
was done to avoid problems with unstable model solutions. 
The model solution shown here was stable in the sense that 

the transient responses decayed with time. The abrupt 
changes in value between adjacent data points below 0.6 kHz 
in Fig. 5 arc apparently due to "whole cochlea" resonances 
which are underdamped in the model. 

The characteristic frequency of each of the model 
curves is in good agreement with the frequency-to-place map 
determined by Liberman (1982), as shown in Fig. 6. One 
deficiency of the model is that it did not reproduce the bend- 
ing seen in Liberman's curve for frequencies below 2 kHz; 
additional model parameters may be required in order to 
produce this feature. 

100] , , , ,,,,,I , • , ,,.,,i , I 
801 \ 

40- 

.... Liberman 

.1 I 10 30 

freouency [kHz] 

FIG. 6. Cochlear frequency-to-place map. The solid line indicates the rela- 
tionship between place on the basilar membrane and most sensitive frequen- 
cy (characteristic frequency} in the model at the four places used for Fig. 5. 
The dashed line indicates the corresponding frequency-to-place map for 
cochlear neurons in cat as determined by Liberman { 1982). 
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The model results are encouraging, but the model still 
needs much refinement: (11 some of the macromechanical 
and micromechanical features mentioned in Sees. II and III 

have not yet been incorporated into the model, (2} the inclu- 
sion of a nonlinear parameter Iprobably 7/) to provide ampli- 
tude compression will be an important step, (3) the model 
representation of bidirectional transduction tuning should 
be more explicit, and (4) numerical methods need to be re- 
fined to minimize computation time. 

Realistic computer simulations of cochlear mechanics 
are possible and important to hearing research. Mathemat- 
ical modeling of cochlear mechanics can provide new in- 
sights to improve our understanding of developing and im- 
paired cochlear function as well as helping us to identify the 
essential features of normal cochlear function. 

V. SUMMARY 

Analytical techniques have been developed in the past 
few years to overcome the long- or short-wave limitations of 
earlier cochlear models. It is now possible to model the coch- 
lear fluid over the entire range of wavelengths important to 
cochlear mechanics. Solution methods can be analyzed and 
evaluated in terms of their relative fluid inertial loading on 
the partition as a function of wavenumber. 

It seems increasingly plausible that a cochlear amplifier 
provides the high sensitivity and sharp tuning normally as- 
sociated with the cochlea. This cochlear amplifier may be 
implemented by a feedback loop, which includes transduc- 
tion from electrical potential-to-mechanical force as well as 
transduction from mechanical displacement-to-electrical 
potential. Both transruction elements are thought to be lo- 
cated in the vicinity of the outer hair cells. 

Active models of cooblear mechanics can simulate neu- 

ral-like tuning in basilar membrane displacements. Passive 
models can simulate basilar membrane displacements typi- 
cal of postmortem measurements. Mathematical models of 
cochlear mechanics are developing rapidly as computational 
resources become available to provide numerical solutions. 
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APPENDIX A: DERIVATION OF 

The function Q (k) describes a realtionship between the 
spatial Fourier components of•(x) andpa (x). We will define 
pa as a weighted average of pressure differences p over the 
width of the partition. 

1 fw/z Pa (x) = •--• J _ ,,/2 p(x,y,O)•' (y)dy. (A 1) 
The definition of Pd should properly scale energy flow 
between macromechanics and micromechanics. When the 

stapes boundary is moving with acceleration •s V(y,z), then 
p(x,y,z) can be represented by a series expression of the form 

+ • • Pm, Sin({n+I/2)rrx ) 
(A2) 

where 

Bm.= [(nrr/L )2 + (m•r/W)2] •/2, (A3) 
•,,• = {[(n + 1/2)rr/L 12 + (turf/W)2) '/2. (A4) 

The reader should note that the series expression in Eq. (A2) 
satisfies Laplace's equation, the apical boundary condition, 
and the upper wall boundary condition, and places some 
constraints on the form of V{y,z). Substituting Eq. (A2) into 
Eq. (A1)gives 

pa(x): • [ • Pm,(•m•cosh/•m.H]cos(•x) ........ \•o/ 

xin(In 
We assume that • and • can be represented by simil• series 
representations 

-, 

From the pa•ition bounds, •. (7), we have a relationship 
between • and p 

• •zp(X,y,o)- 
X P•.•. sinhfi•.Hco n• 

+P•,•sinh•Hsin((n+•2)•x)] 
xcos[(m/w]. (AS) 

Using •s. (A6)-{A8) we can solve for P•, and P• in terns 
ofa• and &• 

P• = (•/•o}(2pa•/• sinh •H), {A9) 

= (•/•o)(2pa•/• sinh •, H). (A 10) 
Substituting Eqs. (A9) and (A10)into •. (AS) gives 

+ ,,n +?4 
(All) 
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where we define the function Q as 

Q(•)= • (•m• 2 cOth]•rnnH 
The hyperbolic cotangent also has a series representation 
{Gradshteyn and Ryzhik, 1965): 

cothB=•H 

,= _ • (B=,H) 2 + (lrr) 2 

+ (/rr) •] - • 
(A13) 

Finally, we substitute Eq. (A13) into Eq. (A12) and let 
k = (nrr/œ) to obtain Eq. (10) for Q3•(k ). 

APPENDIX B: DIFFERENTIAL EQUATION FOR THE 1-D 
LONG-WAVE APPROXIMATION 

Using the one-dimensional (1 D) long-wave approxima- 
tion for Q (k) from Eq. (14) and the series expression for Pd 
from Eq. (A11) we can derive a differential equation relating 
pd and • which is second order in x: 

d 2 2 • d 2 .. 

In a frequency-domain fomulation we can relate •(x) to 
pa(x) by defining the cochlcar pa•ition impedance Z(x). 
From •s. (A6) and (Al l) and assumed e • hamonic time 
deandonee 

Z(x) = _ cos 
L 

This is a discretized version of the integral equation derived 
by Sicben (1974), de Boer (1981 ), and others. With this defin- 
ition of cochle• pagition impedance, we can express •. 
(B1) in the frequency domain as 

d 2 { , ,Z(x) + ioM• 2i•p•o p.(x) (B3) 
where 

M• = (:/3pHCo 
is the fluid m•s (per unit ar•) which rides with the pa•i- 
tion. •mtion (B3) is the well-•own differential equation 
for the 1-D long-wave approximation. For an alternative 
derivation of this d•erential equation (starting from an inte- 
• •uation} see Sondhi (1978). 

If the microm•hanics are described by •s. (16) and 
(17), then the •chle• pmition impedance is 

Z ½) = i•M• + R t + 

+ •K3/io)e/(ioM2 + R2 + K2/io). (Bs) 

The mechanical parameters for mass, stiffness, and damping 
in Eq. (B5) must be chosen in order to solve forpa in Eq. {B3). 
The form ofZ (x) may be different for other models of coch- 
lear micromechanics. 
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